Empirical evidence suggests that co-flowering species can facilitate each other through shared pollinators. However, the extent to which one co-flowering species can relieve pollination limitation of another while simultaneously competing for abiotic resource has rarely been examined. Using a deterministic model we explored the demographic outcome for one ("focal") species of its co-occurrence with a species that shares pollinators and competes for both pollinator visitation and abiotic resources. In this paper we showed how the overall impact can be positive or negative, depending on the balance between enhanced fertilization versus increased competition. Our model could predict the density of co-flowering species that will maximize the pollination rate of the focal species by attracting pollinators. Because that density will also give rise to competitive effects, a lower density of co-flowering species is required for optimizing the trade-off between enhanced fertilization and competition so as to give the maximum possible facilitation of reproduction in the focal species. Results were qualitatively different when we considered attractiveness of the co-flowering species, as opposed to its density, because attractiveness, unlike density, had no effect on competition for abiotic resources. Whereas unattractive neighbours would not bring in pollinators, very attractive neighbours would captivate pollinators, not sharing them with the focal species. Thus optimal benefit to the focal species came at intermediate levels of attractiveness in the co-flowering species. This intermediate level of attractiveness in co-flowering species simultaneously maximized pollination and overall facilitation of reproduction for the focal species. The likelihood of facilitation was predicted to decline with the selfing rate of the focal species, revealing an indirect cost for an inbreeding mating system. Whether a co-flowering species can be facilitative depends on the way pollinators respond to the plant density: only a Type III functional response for visitation rate can result in facilitation. Our model provided both a conceptual framework and precise quantitative measures for determining the impacts of a neighbouring co-flowering species on reproduction.
Introduction
Plant community theory is heavily biased toward negative interactions between plants, where the coexistence of species is explained mainly through competition avoidance mechanisms such as niche partitioning ( Parrish and Bazzaz 1976 ) and spatiotemporal heterogeneity in limiting resources ( Tilman 1982 ) . However, plants also engage in positive interactions where the performance of at least one species is enhanced in the presence of another ( Callaway 2007 ) . While the notion of competition exclusion forms one of the main pillars of the discrepancy between the fundamental example, sympatry with an unpalatable neighbour may protect a tasteful species against herbivores ( Callaway et al., 2005 ) and co-flowering species may facilitate another by attracting shared pollinators ( Ghazoul 2006 ) .
Although shared pollinators have long been known as major structure-producing agents of plant communities ( Feinsinger 1987 ) , much of the focus has been on how plants compete for pollinator services (exploitation competition) or interfere with each other through interspecific ("improper") pollen transfer (interference competition) ( Levin and Anderson 2016; Rathcke 1983; Waser 1978 Waser , 1983 Willmer 2011 ; ) . Evidence, however, is accumulating for pollination facilitation through multispecies floral displays ( Ghazoul 2006; Johnson et al., 2012; Moeller 2004; Molina-Montenegro et al., 2008; Seifan et al., 2014; Sieber et al., 2011 ) . Coexisting species may facilitate each other indirectly by maintaining populations of pollinators through the provision of food during the season or across years ( Robson 2013; Moeller 2004; Waser and Real 1979 ; ) . Multispecies displays may also increase the diversity of pollinator fauna, which might be helpful for a rare species: the higher the richness of pollinators, the greater the chance of a rare species being visited by one of them ( Ghazoul 2006 ) . Co-occurrence with a highly rewarding species can increase visitation through the so-call "magnet" effect, where the conspicuous species attracts more pollinators, some of which then make visits to the other species ( Laverty 1992; Molina-Montenegro et al., 2008; Thomson 1978 ) .
Pollinators often show little interest in visiting low-density floral patches ( Bernhardt et al., 2008; Elliott and Irwin 2009; Kunin 1997 ) as the costs of search and long flights between sparse plants may outweigh the rewards that are offered ( Charnov 1976; Pyke et al., 1977 ) . Outcrossing species occurring in small, sparse populations or with no attractive floral rewards are therefore expected to benefit from the presence of a co-flowering species as their joint floral display may make the mixed patch profitable enough to lure generalist pollinators ( Duffy and Stout 2011; Ghazoul 2006; Seifan et al., 2014; Sieber et al., 2011 ) . Using a mathematical model, Feldman et al. (2004) found that such a facilitation mechanism can occur when the visitation rate was an initially accelerating (sigmoidal) function of the combined number of plants from the two species in a patch. This facilitation mechanism assumes that pollinators do not discriminate between the species (i.e. the two species are equally attractive) and only respond to the collective floral display in a fashion similar to increasing intraspecific density ( Ghazoul 2006 ) . However, the two species may not be equally effective in attracting pollinators as pollinators often show constancy and preference for specific floral types ( Kunin and Iwasa 1996; Jones 1997 ). The individual-based model of Hanoteaux et al. (2013) incorporates a difference in attractiveness and its interaction with the spatial distribution of species. Their study showed that when the less attractive species is highly abundant, it will be more successful if forms large monospecific patches than a uniform distribution while the opposite is true for a less attractive species that has a small population. Hanoteaux et al. (2013) model, however, assumes no competition for abiotic resources between co-flowering species. They found The degree of facilitation may also vary depending on the breeding system of species: the more an outcrossing mating system the plant species adopts, the more it becomes reliant on pollinator services and thus the more likely to be affected, either negatively or positively, by their co-flowering species that share pollinators. However, neither of the models mentioned above ( Feldman et al., 2004; Hanoteaux et al., 2013 ) investigated the effects of breeding system differences on the outcome of the interaction between two co-flowering species.
The aim of this study was to delineate the suite of conditions where the existence of a second co-flowering species can be facilitative to its neighbouring species: under what circumstances could a co-occurring species be a good neighbour? Are there optimal density and attractiveness values at which the co-flowering species is most facilitative to the focal species? Does the breeding system of the focal species affect its propensity for benefiting from the existence of a co-flowering species? Does the outcome of the interaction (either facilitative or competitive) rely on the shape of the pollination response function? We use the term "focal" here to refer to the species (A) that receives the researcher's main attention; since both species could facilitate the other, the choice of species is arbitrary. We use the term "co-flowering" for the other species (B) whose impact on species A is being considered.
Using a population dynamics model that incorporates mating systems, quantitative genetics, and pollinators, in our previous study we found that hybridization with a co-occurring species can facilitate the establishment of a colonizer that is experiencing pollen limitation due to its small population size ( Mesgaran et al. 2016 ) . Here, we used a modified version of that model to explore the possibility of facilitation between two co-flowering species that are not inter-fertile, so that cross-pollination will not produce hybrid lineages.
Model development
We made two major changes to Mesgaran et al. (2016 ) model. Firstly, the interspecific crossing does not result in hybridization. Secondly, there is only one density-dependent regulation whilst in the previous model there were two separate density-dependent sub-models: one for the ovules production and the other for seedling recruitment. The main reason for the latter modification was to simplify the model so that it can be approached more analytically. Briefly, the model is based on the life cycle of an annual, hermaphrodite plant with no persistent seedbank. Suppose a population of focal species A with n individuals in which each individual plant produces θ ovules, a fraction s of the ovules is self-fertilized whilst the remaining 1 − s fraction can potential produce seeds through outcrossing. However, not all non-selfed ovules, i.e. θ ( 1 − s ) , will be fertilized as the outcrossing requires the transfer of pollen from other individuals by means of pollinators or other agents such as wind, which may be inefficient. We assume in our model that animal pollinators are the only agent of pollen transfer and that their visitation rate is positively related to the population density, n , following the probability function φ( n ). When there are two species the combined number of plants will determine the visitation rate (more details below). A positive density-dependent relationship between pollinator visitation rate and population density has been found in many empirical studies ( Bernhardt et al., 2008; Feldman 20 06; Elliott and Irwin 20 09; Kunin 1997; Robson 2013 ) and has been used in several population models (e.g. Feldman et al., 2004; Morgan et al., 2005 ) . Because of abiotic resource limitations, the performance of plants is reduced as the density increases, following a negative density-dependent function, R ( n ), which can also be regarded as a recruitment function ( Cheptou 2004 ). The dynamics of species A population over time, t , can be formulated as a recurrence equation:
The model gives rise to component Allee dynamics ( sensu Stephens et al., 1999 ) as recruitment is negatively related to population density, R ( n ), while visitation (pollination) probability, φ( n ), and thus reproduction, is positively scaled with the density. For the recruitment function we use a Beverton-Holt type model: where β indicates the degree of competition between plants for (abiotic) resources. For pollination probability we used Holling's Type III functional response, also used by Morgan et al. (2005) , to relate the probability of visitation to population density of species A:
This type of functional response is expected for generalists that frequently switch between flower types ( Willmer 2011 : chapter 10) or if pollinators engage in an area-restricted search strategy ( Tinbergen et al., 1967 ) . A similar model was also used by Feldman et al. (2004) . The reciprocal of ρ gives the population density at which 50% of flowers will be visited (and successfully pollinated) by pollinators. The parameter γ determines the shape of the curve: when γ is large there is little change in probability of pollination at low densities, compared to a small γ which gives a higher pollination rate at the same low densities (see Supplementary Fig 1S) . When γ = 1 , the model reduces to a Type II functional response ( Feldman et al., 2004 ) .
The final model describing the population changes of focal species A over time is obtained by replacing, respectively, R ( n ) and φ( n ) in Eq. 1 by Eq. 2 and Eq. 3 :
Now suppose that there exists a co-flowering species, denoted by B, with a population size m in the habitat, which shares pollinators as well as competes for pollinators and abiotic resources with the focal species A. This second species, however, may facilitate the focal species by increasing the probability of pollination through the φ( n ) function, which increases with the total density (i.e. n + m , see below). The two species can differ in competitiveness for pollinators, where αm individuals of species B are as competitive as n individuals of species A: the coefficient α is a scaling parameter that converts the competition load incurred by m individuals of species B to the equivalent amount measured in units of species A. The recruitment rate for the focal species A in the presence of co-flowering species B is:
Likewise, the two species may differ in their degree of attractiveness toward pollinators such that wm individuals of species B are as effective as n individuals of species A in attracting pollinators to the mixed patch of plants. Attractiveness is considered to be an intrinsic attribute of plant species derived from properties such as flower size, colour, the provision of nectar, etc. The probability of visitation ( Eq. 3 ) for the two species model is therefore a function of the combined number of individuals from the two species adjusted for attractiveness:
The above equation gives the probability of visitation to the mixed patch. However, we need the proportion of total visits to the focal species A i.e. the species-specific visitation. The visitation probability for species A in the mixed population, φ A , can be calculated by multiplying ( n, m ) by its frequency (relative abundance) in the mixed population:
where F A is the frequency of species A in the mixed population as adjusted for its relative attractiveness:
and that of species B is F B = 1 − F A , so that F A + F B = 1 . If w > 1, then species B is more attractive than the focal species A and the number of visits that it receives is more than that would be expected from its frequency in the population, i.e. it is as if there are more plants from species B than their actual number. If w < 1, then species A is more attractive than species B and receives a greater proportion of visits than its actual frequency (see Mesgaran et al. 2016 for more details). Eq. 7 accommodates the two major components of the pollination process in a system of two co-flowering species: pollinator attraction to the mixed patch ( ( n, m )) and conspecific pollen removal and deposition (conspecific visitation). Eq. 7 therefore accounts for pollination facilitation, through ( n.m ), as well as competition for shared pollinators, through F A , concomitantly.
The difference equation describing the dynamics of population in our focal species A in the presence of the second species B can be written as:
which after respective substitutions from Eq. 5 -8 gives:
We explored the potential consequences of adding a second species for our focal species A, mainly by comparing Eq .1 (focal species alone) with Eq. 9 (focal species with a co-flowering species). Both analytical solutions and numerical analyses were performed using MATLAB (version 2016a).
Results
Comparing the population dynamics of the focal species in the presence ( Eq .9) and absence ( Eq .1) of the second species, we can conclude a facilitative effect from the co-flowering species if the following inequality holds (note that we have dropped t from the equations):
which after eliminating the common factor n θ becomes:
(12)
After rearrangement we obtain:
In this inequality, we will refer to the left ratio as the fertilization ratio f: the numerator and denominator in f show the fertilization rate of the focal species in the presence and absence of species B, respectively. So, when f > 1, it means that the co-flowering species can increase fertilization in the focal species A. However, f > 1 only represents the necessary condition for a facilitative interaction: as the sufficient condition for facilitation, the fertilization ratio f must also be larger than the abiotic competition ratio c i.e. f > c. Ratio c (left side in Eq .13) represents the recruitment of the focal species as it occurs alone (numerator) relative to that in the presence of co-flowering species. From Eq .2 and Eq .5, we can infer that the abiotic competition ratio c is always larger than 1:
because the nominator has an additional, positive term: βαm. The ratio c can be less than 1, only if α takes a negative value: α < 0 may imply a mutualistic relationships whereby a co-occurring species increases the abiotic resources for the growth of its neighbouring species e.g. by fixing nitrogen as in legumes. This type of interaction is not addressed in this study. Therefore, facilitation is only warranted when 1 < f and c < f We first attempt to identify circumstances that can lead to "pollination facilitation" satisfying the necessary condition f > 1, then explore whether the overall effect of species B on the focal species is positive, so that f > c also holds.
Pollination facilitation: f > 1

Density and attractiveness of co-flowering species
Both competition and facilitation for pollination can occur simultaneously and this is accounted for by φ A ( n, m ) (the numerator of f ), which incorporates a facilitative effect of the second species through ( n, m ) ( Eq .6) and its competition through F A ( n, m ) ( Eq .8). Both density m and relative attractiveness w play a dual role in pollination of focal species. Fig. 1 depicts these effects for the case of the relative attractiveness parameter w for an obligate outbreeder ( s = 0) . On the one hand, the increase in attractiveness (or equally the density of the second species, m ) has a positive effect on the pollination of species A as it increases the overall visitation probability of the mixed population through the ( n, m ) component (blue, dashed line in Fig 1 a) . One the other hand, it incurs negative effects on the pollination of the focal species A because it reduces the effective frequency of the focal species in the mixed population through F A ( n, m ) (red, dash-dotted line in Fig 1 a) . The product of these two functions, the probability of visitation to the focal species, φ A ( n, m ), starts to decline until a critical value of attractiveness, denoted by w c (or m c for density) is reached, at which the probability of visitation to the focal species is the same whether the second species is
the fertilization ratio becomes smaller than 1 indicating that the co-flowering species starts to compete with the focal species for pollinator services rather than aiding it. The optimal attractiveness w o can be obtained by calculating the partial derivative of fertilization ratio f with respect to w i.e.
Similarly, the fertilization ratio is maximized when the density of the co-flowering species is:
To obtain w c we need to solve f = 1 for w :
which has no explicit solution, but it can be shown (see Appendix A ) that w c (and m c ) will become zero when the density of the focal species A is:
That is, when the focal species A occurs at a density equal to n c , the density of the co-flowering species B ( m ) or its attractiveness ( w ) should be less than zero to be able to result in a fertilization ratio f > 1. Given that the density of co-flowering species cannot be less than zero, n c represents a ceiling density for an Allee effect: below the n c there exist a positive density-dependent relationship where additional individuals from the co-flowering species can enhance visitation to the focal species. However, above this ceiling density (hereafter referred to as the Allee ceiling ) any additional individuals from the second species will incur competition for pollinators and hence will reduce the probability Fig. 2 . Changes in (a) the probability of fertilization and (b) fertilization ratio ( f ) as a function of the attractiveness of the co-flowering species B (if present, solid lines) and the selfing rates ( s ) of the focal species A. As the focal species adopts a more selfing breeding system (the lines progressively becomes thinner), the probability of fertilization increases both in the absence (dashed lines) and presence (solid lines) of a co-flowering species but the gap between these two scenarios becomes smaller (a), which consequently reduces the fertilization ratio (b). As shown, the optimal ( w o ) and critical ( w c ) attractiveness values, dotted lines, are independent of selfing rate. Other parameters were: ρ = 0 . 01 , γ = 3 , n = 100 and m = 50 . of the focal species' pollination (i.e. negative density-dependence). Even if the density of the focal species is less than n c , so that it is experiencing pollination limitation due to low density, the density (attractiveness) of the co-flowering species still needs to be less than m c ( w c ) to aid the pollination of the focal species ( m c and w c cannot be written in explicit, closed form).
Breeding system of the focal species
As shown in Fig 2 , the locations of both w o and w c are independent of the selfing rate of the focal species, and selfing rate only changes the height of the f curve. Eq .15 (and Eq .16) analytically proves that the optimal attractiveness (optimal density) for maximum fertilization does not depend on the breeding system of the focal species. It is only the height of the fertilization ratio curve that decreases with the selfing rate of the focal species, which finally touches the unity line (dashed line in Fig 2 b) at s = 1 , yielding f = 1 .
Beside these numerical simulations ( Fig 2 ) , it can be proven analytically that no pollination facilitation can be provided by the co-flowering species if the focal species is a fully selfing species. Let the focal species be a self-compatible species that self-fertilizes all its θ ovules such that s ≈ 1. In this case the fertilization ratio becomes:
which does not satisfy the necessary condition of f > 1 i.e. the co-flowering species can no longer assist the focal species with the provision of pollination.
Shape of visitation response to plant density
We found that if the relationship between plant density and probability of visitation follows the Holling's Type II function, no pollination facilitation can be provided by the co-flowering species. A Type II functional response is obtained when γ = 1 , which gives a fertilization ratio:
and after expansion we obtain:
The numerator and denominator of the above equation are identical with the only exception of an additional multiplier s (the selfing rate) in the numerator. Given that s cannot be larger than 1, this ratio is always smaller than or equal to 1, hence defying the necessary condition (i.e. f > 1) for a facilitative interaction.
From Eq .17, representing the Allee ceiling n c , we could also infer that a saturating function cannot facilitate pollination because plugging γ = 1 into this equation gives n c = 0 , meaning that the density of the focal species should be zero (also see Fig 3 ) to be facilitated by its co-flowering species: something that is logically not possible. The two parameters defining the visitation function, Fig. 4 . Fertilization ratio f ( Eq. 13 ) and abiotic competition ratio c ( Eq. 13 ) of the target species as affected by (a) the attractiveness ( w ) and (b) the density ( m ) of a co-occurring species B. The dark grey area indicates the range of w or m wherein the fertilization probability of the focal species is larger in the presence than absence of a second species i.e. f > 1, satisfying the necessary condition only. The hatched area shows the subset of f > 1 wherein the fertilization ratio also exceeds the abiotic competition i.e. f > c : this is the facilitation domain where both necessary and sufficient conditions are met. The area shaded with light grey shows the range of w or m with fertilization ratio f < 1. Note that while both m and w render similar effects on f (red, solid line), w has no effect on c (dash-dot line in (a)) as contrasted to increasing m which intensifies the competition for abiotic resources (dash-dot line in (b)) thus narrowing the range of wm over which f can be larger than c i.e. ρ and γ (see Eq .3), have contrasting effects on the possibility of a pollination facilitation as can be inferred from the behaviour of the Allee ceiling n c in response to changes in these parameters.
The smaller the ρ, the larger will be the Allee ceiling; whereas the Allee ceiling increases with γ up to a peak but then levels off ( Fig 3 ) . The value of γ at which n c peaks, γ max , can be obtained by calculating the derivative of n c relative to γ , i.e. 
where
is Product Log or Lambert W function ( Corless et al., 1996 ) , and is estimated to be 0.2785 in the above formula thus yielding γ max = 4 . 59 . That is, regardless of the value of ρ, the maximum Allee ceiling, n max c , will occur at γ = 4 . 59 , which is
ρ (after substituting γ max in Eq .17). As shown in Fig.  3 , the Allee ceiling approaches 1/ ρ when γ approaches infinity, which can also be proven by taking the limit of Eq .17 for γ → ∞ :
Overall facilitation: f > c
So far we have only explored the possibility of facilitation by comparing the fertilization rate of the focal species in the presence vs . absence of another co-flowering species. However, only a subset of conditions over which f > 1 will also satisfy f > c to produce an overall facilitative outcome from the presence of a co-flowering species. Here, we attempt to delineate the domains of this letter subset i.e. f > c (or f c > 1 ), as related to density, attractiveness and competitiveness of the co-flowering species as well as the breeding system of the focal species.
Density and attractiveness of the co-flowering species
Although both density m and attractiveness w had similar effects on the fertilization ratio f ( Fig 4 a) , their contributions to competitive interactions differ quite markedly. Attractiveness w can only contribute to competition for pollinators (through F A ( n, m )) while density m can intensify both competition for pollinators (through F A ( n, m )) and abiotic resources (through R A ( n, m )). While the abiotic competition ratio c is independent of attractiveness w ( Fig 4 a) , it increases linearly with m , and this increase in c may not be compensated for by the increased pollination, thus reducing the domain of wm (density × attractivness) over which f > c (hatched areas in Fig 4 ) . For example, when the density of co-flowering species B was fixed at m = 50 , increasing its attractiveness resulted in an overall facilitation range as wide as 184 wm (i.e. from 21 to 205 wm ) as opposed to 99 wm (i.e. from 0 to 99 wm ) observed with a constant w = 1 but variable density (compare the length of dotted lines corresponding to the width of the hatched area in Fig 4 a vs . b) . In other words, f > c range constituted only 25% of the f > 1 domain when the density of co-flowering species increased but this proportion nearly doubled (46%) when facilitation was achieved by increasing the attractiveness of the co-flowering species.
Competitiveness of the co-flowering species for abiotic resources
The possibility of a facilitative interaction declines as the cooccurring species exerts stronger competition for abiotic resources: this effect can be illustrated through parameter α which expresses the degree of second species' competitiveness relative to that of the focal species ( Fig 5 ) . As c is independent of w , increasing α only moves up the c line (increases the intercept) and this upward shift narrows the f > c domain (as shown by arrows in Fig 5 a) until a critical value of α, denoted by α c , at which the c line touches the maximum value of f (shown by solid circle in Fig 5 a) . Regardless of the attractiveness ( w ) of the co-flowering species, any further increases in its competitiveness beyond the α w , will place the c line above the f curve, eliminating the possibility of facilitation by the co-flowering species (see Appendix B for analytical derivation of α w ).
When c is plotted against the density of co-flowering species, the increase in α makes the slope of c line steeper while having no effect on the intercept ( Fig 5 b) as contrasted to w ( Fig 5 a) . As the c line becomes steeper the range of m over which f > c becomes narrower (shown by arrows in Fig 5 b) . (see Appendix C for analytical derivation of α m i.e. the critical α value such that the c line stands above the f curve regardless of the value of m ). Contrary to attractiveness, for which both maximum f and maximum f c occur at the same value of w i.e. w o , the density that maximizes f , i.e. m o , does not result in maximum f c ( Fig 6 ) : w o is therefore a global optimum that maximizes both f and f c ratios whereas m o is a local optimum that only maximizes the f ratio (the global optimal density of co-flowering species cannot be written in closed form).
Breeding system of the focal species
The meditating role of the focal species' selfing rate in shaping the facilitation domain, i.e. the parameter space satisfying f > c , is shown in Fig. 7 . As shown, the facilitation domain shrinks as the focal species adopts more a selfing breeding system. When the focal species has a selfing rate of 1% and the attractiveness of the co-flowering species is optimal for pollination (in this example w o = 1 . 52 ), the focal species can tolerate the highest degree of competition from its neighbouring species (in this example α as large as ≈ 3.7) and yet attain f > c . However, when the selfing rate of the focal species increases to 50%, the co-flowering species should have a small relative competitiveness of α < 0.5 (i.e.
2 m = n ) to be able to provide facilitation ( Fig 7 a) . A high density of co-flowering species will not be facilitative unless the species is a weak competitor with a small α ( Fig 5 b) . Even so, increasing the selfing rate of the focal species from 1% to 50% can reduce the area of facilitation domain by 85% ( Fig 7 b) .
Discussion
By comparing the reproduction and survival of a focal species as it occurs alone vs. in the presence of a co-flowering species, we have been able to delineate the suite of conditions that can give rise to a facilitative interaction. Unlike the new facilitation mechanism proposed by Mesgaran et al. (2016 ) and Bouhours et al. (2017) , hybridization with a co-occurring congener is not required to allow an outcrossing colonizer to overcome pollen limitation. Our previous models showed that the individuals of the co-flowering species can assist the colonizer in two ways: by increasing the total size of the mixed population, which in turn increases the visitation rate, and by acting as potential compatible mates for the outcrosser ( Bouhours et al., 2017; Mesgaran et al. 2016 ) . Following Kunin (1993) , we may refer to the former facilitation mechanism as an improvement in the "quantity" of pollination while the latter can be described as an improvement in the "quality" of pollination. In this study, we only examined the quantity component of the facilitation mechanism whilst the study of Bouhours et al. (2017) showed that improving the quality of pollination through hybridization can also result in facilitation. A non-hybridization scenario, as with this study, would apparently reflects a broader ecological context as many co-flowering species do not hybridize. Our analytical and numerical analyses showed that there is a high chance for the focal species to benefit from the company of a co-flowering species that shares pollinator services. The existence of a co-flowering species affects the two major components of the pollination process, i.e. pollinator attraction and conspecific visitation (pollen removal and pollen deposition), in a contrasting way. Competition and facilitation, in fact, occur at the same time but whether the net outcome for the focal species is positive (facilitation) or negative (competition) depends on a multitude of factors such as the density and attractiveness of the interacting species, the behaviour of pollinators (e.g. how they respond to plant density) as well as the breeding system of the focal species. At either very low or very high densities, the coflowering species is less likely to facilitate the population growth of the focal species. At low density, the co-flowering species may not be effective enough in attracting pollinators to the mixed patch while at high density it can reduce the conspecific pollen deposition and removal in the focal species ( Morales and Traveset 2008 ) : at such high densities, the competition from co-flowering species for pollinators outweighs the facilitation (as measured by a reduction in fertilization ratio f ). Further, the high density of coflowering species intensifies the competition for abiotic resources (as measured by an increase in abiotic competition ratio c ). Empirical studies also suggest that facilitation diminishes at high heterospecific densities or is more likely to occur in small patches of the focal species ( Dauber et al., 2010; Duffy et al., 2013; Ghazoul 20 06; Moeller 20 04 ) , but none of these studies have factored in the competition for abiotic resources. It is therefore unclear whether the observed reduction in the performance (e.g. seed set) of the focal species has been driven by the competition for pollinators or by the exploitation of abiotic resources (e.g. nutrients).
For a fixed value of density × attractiveness i.e. wm = K, where K is a constant, our model suggests that a co-flowering species that possess high attractiveness (large w ) but occurs at low numbers (small m ) is more likely to result in facilitation than the opposite combination (i.e. small w with large m ). This situation represents the so-called magnet effect ( Thomson 1978 ) where the existence of a highly attractive co-flowering species could increase the visitation rate to the mixed patch (e.g. Johnson et al., 2003; Molina-Montenegro et al., 2008 ) . However, if the co-flowering species is too magnetic (i.e. w > w c ), it will attract pollinators away from visiting the focal species to the extent that the visitation rate to the focal species in the mixed population can become smaller than that of the monoculture. Alternatively, when the density of co-flowering specie is very high, its attractiveness should be low to avoid interspecific competition for pollination resources, but competition for abiotic resources can still be a hindrance to facilitation at these high densities. That explains why with large attractiveness w facilitation is a more plausible outcome than it is with a large density m . Overall, we found that there are optimal values for the density and attractiveness of the co-flowering species. We were able to present the global optimum for attractiveness ( w o ) as in Eq .15 but global optimum for density cannot be expressed in closed form ( Eq .16 is a local optimum density which only maximizes the fertilization ratio f but not the overall facilitation).
Our analysis showed that the shape of response curves must be convex to result in facilitation. This conclusion was derived from both the Allee ceiling ( Eq .17) and fertilization ratio ( Eq .13) equations. That is, a γ ≤ 1, which produces a concave curve, gave an Allee ceiling n c ≤ 0 and fertilization ratio f ≤ 1. While the former implies an impossible outcome i.e. zero or negative density for the focal species to be facilitated, the latter fails to meet the necessary condition of f > 1. Using a different modelling approach but with a similar pollination functional curve, Feldman et al. (2004) also found that facilitation cannot be derived from a saturating, concave function (i.e. when γ ≤ 1 or a σ = 1 in their model) but will be possible if the relationship between visitation rate and the total number of plants in a patch is sigmoidal (i.e. when γ > 1 or σ = 2 in their model). However, there is no consensus about the shape of the response curve as this relationship depends on a multitude of interacting factors including the characteristics of the plant species (e.g. reward offer) and those of the pollinators (e.g. specialist vs. generalist) that can vary over time and space. Various shapes of visitation response have been detected in different studies e.g. the relationship between patch size and number of visits (per unit time) was convex ( Duffy et al., 2013 ) , linear ( Johnson et al., 2012 ) and concave ( Feldman 2006; Robson 2013 ). Both Rathcke (1983) and Feinsinger (1987) proposed a graphical model (without any specific formula) where the probability of pollination increases in an accelerating fashion with the density of flowers but then declines at very high floral densities, giving rise to a hump-shaped response curve. Such a response curve is expected (e.g. Brys et al., 2008 ) where the visitation rate is measured by the number of flowers visited per unit of time: when flower density is very high the pollinator pool becomes saturated so that there are more flowers than can be served by the community of pollinators ( Feinsinger 1987 ). The models of both Rathcke (1983) and Feinsinger (1987) considers a transition from a facilitative effect to a competitive effect that corresponds with low and high floral densities respectively, meaning that competition and facilitation are operating at different times ( Rathcke 1983 ) . What seems to be more realistic, however, is that they are both acting simultaneously and it is the relative magnitude of these two processes that changes with density ( Callaway 2007 ) . If the pollination success is measured at the population level, as in our model and that of Feldman et al. (2004) , then the response curve should not be hump shaped. At this scale, there should be no decline in the probability of pollination (of population) even at the very high densities. That is, the pollination probability of individual plants may follow the hump-shaped density relation, but that of the whole population should increase with density and reach a plateau where the plateau reflects the maximum capacity for pollination services.
Our study also showed that the breeding system of the focal species is a major determinant of the outcome of the interaction between two co-flowering plant species. Whereas selfing can benefit the plant species through reproductive assurance ( Baker 1955 ) and two-fold gene transmission ( Fisher 1941 ) , it brings along large costs such as inbreeding depression and the loss of genetic diversity ( Charlesworth 2003; Wright et al., 2013 ) . If an outcrossing species can overcome the problem of pollination limitation because of "good neighbours", then there can be little or no advantage for a selfing mating system as a means of reproductive assurance. Indeed, the cost for a selfer is lack of facilitation gain. The advantage of an outbreeding system is that, through pollination facilitation, an outcrosser can become as reproductive as a selfer and yet avoid all the costs associated with an inbreeding mating system, though outbreeding depression can sometimes be costly. Outbreeding is the most common mode of reproduction, with more than 80% of plant species reproducing through outcrossing ( Igic and Kohn 2006 ) . Can this high frequency of outcrossing in plant taxa be explained by evolutionary grounds alone? Clearly, there is no benefit for increased diversity, the well-known advantage of an outcrossing system, if the outcrosser fails to reproduce in the first place. An inbreeding mode of reproduction may then appear to be more successful as it solves the first problem (i.e. poor reproduction) and then embarks on dovetailing genotype and environment. An outcrossing system is only successful and prevails if its bearer has already assured reproduction. This raises the question of how an outcrosser can achieve reproductive success to benefit from the evolutionary eminence of its breeding system? Since many plant communities are composed of several plant species that overlap in flowering timing and share pollinators ( Carvalheiro et al., 2014; Ghazoul 2006; Janovský et al., 2013; Moreira et al., 2015 ) , we believe that facilitative interactions could be common and sufficient to provide the required reproductive assurance. Pollination facilitation may therefore offer a complementary explanation as to why outcrossing is very common amongst plant species.
While our model incorporated several key aspects pertinent to plant and pollination ecology, some simplifications were implemented to make the model tractable. First, although the model incorporated competition for pollination quantity ( Kunin 1993 ) through F A ( n, m ) in Eq .7, it did not include interference through interspecific pollen transfer (IPT) ( Morales and Traveset 2008; Waser 1978 ) where the deposition of improper pollen ( sensu Rathcke 1983 ) on the stigma can reduce the fertilization rate in the recipient flower (e.g. Caruso and Alfaro 20 0 0; Jakobsson et al., 2008; Randall and Hilu 1990 ; ) . The facilitation domain may decrease should competition for the pollination quality (i.e. IPT) be incorporated into the model. Second, our model allows for a facilitative interaction only through pollinator sharing; however, the second species can assist its neighbouring species in multifarious ways such as providing shade under dry and hot conditions ( Holmgren 20 0 0 ), protection against enemies ( Callaway et al., 2005 ) and fixing nitrogen ( Carlsson and Huss-Danell 2003 ) . One possible way to incorporate these alternative facilitative effects into the model is by assigning negative values to the α parameter in the denominator of Eq .5 i.e. β( n + αm ) : an α < 0 means that the second species improve the abiotic conditions for the focal species. As our primary interest was the net effects of pollination in driving facilitation, the other facilitation mechanisms that can be envisaged from α < 0 were not investigated. Third, our model is non-spatial and thus assumes that the two plant species are mixed homogenously over space, so that the probability of plant-pollinator encounter is proportional to their respective frequency. However, the spatial arrangement of plants can affect their interaction with visitors, so there can be the possibility for a facilitative (or competitive) interaction ( de Waal et al. 2015; Geslin et al., 2014; Seifan et al., 2014 ) . For example, the results of both theoretical models and manipulative experiments suggest that aggregation of plants in dense patches can increase fecundity or reduce extinction risk when the focal species occurs at low relative densities ( de Waal et al. 2015; Hanoteaux et al., 2013 ) . Fourth, a more realistic model needs to make a link between the population dynamics of plant and the pollinator(s) (see Song and Feldman 2014 ) . For example, if the population size of pollinators increases with the size of the plant population (because of ample food supply), then the visitation response curve ( Eq . 3) is not expected to level off at high densities. Such a direct link may exist for a strong mutualistic relationship as in the fig and fig wasps complex where the pollinators live inside the inflorescence ( Wiebes 2009 ). However, with such specialist pollinators the visitation rate is not expected to depend (or only weakly depend) on the population size of host plant. Nonetheless, generalist bees are more likely to be constrained by the availability of nest sites than floral resources ( Pauw 2007 ) . Finally, our model was based on the unidirectional effects where we only considered the effects of the second species on the focal species but the not the reverse effects.
Conclusion
Our model predicted that a co-flowering plant species can enhance reproduction of its neighbouring species by sharing pollinators. However, the overall impact of a co-flowering specie on its neighbour can be negative or positive depending on the degree of interspecific competition for abiotic resources, the pollinator's response to plant density, the density and attractiveness of the interacting species and the breeding system of the focal species. Our model predicted that the optimal density of co-flowering species required for an overall facilitative outcome is smaller than the density at which the focal species receives the maximum pollination. However, attractiveness in the co-flowering species had a global optimum for both pollination and the overall facilitation because attractiveness has no effect on competition for abiotic resources. A selfing breeding system can deprive the focal species of potential benefits provided by a co-flowering species highlighting an indirect cost for this mode of reproduction. Only when pollinators respond to plant density following a type III functional response, can a co-flowering species increase pollination in its neighbour.
As reviewed by Callaway (2007) there is ample empirical evidence for positive interactions and their pivotal role in plant communities. Here, our mathematical model provided further theoretical instances of facilitative interactions between two plant species. 
Appendix A
As discussed in the Result ( Section 3.1.1 .), there are critical values for the attractiveness ( w c ) and density ( m c ) of the co-flowering species at which the fertilization ratio f in the focal species will become unity (i.e. no facilitation can be obtained when w = w c or m = m c ). We also noted that when the density of the focal species reaches the so-called critical value of Allee ceiling ( n c ), the negative effects of the second species will start to outweigh its positive effects, so to maintain f = 1 , the second species should not exist i.e. w = w c = 0 or m = m c = 0 should hold. When n = n c , the fertilization ratio f will become < 1 if w c > 0 or m c > 0. Here we present the derivation of n c by finding w c = 0 for which we first need to obtain w c (the procedure is the same for m c so we only show the results for w c ). w c is the critical attractiveness w at which the fertilization ratio f = 1 . We therefore need to solve the following equation for w :
which does not have an explicit, closed solution. However, we can solve Eq .1 a iteratively for various integer values of γ parameter. Let γ = 2 ; now, solving Eq .1 a for w returns the following positive, non-zero solution:
Note that we did not use γ = 1 as we already know that no facilitation can be provided by a saturating, Hoteling Type II function (see the Result Section 3.1.3 ). We now solve for w c = 0 , which gives us:
Now let γ = 3 ; the positive, non-zero solution for Eq .1 a is:
which after solving for w c = 0 gives us:
Finally, let γ = 4 ; the positive, non-zero solution for Eq .1 a is: 
ρ 9 = ( 8 /n ˆ 9 ) ˆ ( 1 / 9 ) γ = 10 ρ 10 = ( 9 /n ˆ 10 ) ˆ ( 1 / 10 )
From the observed pattern we can derive the general formula, which is valid at least ∀ γ ∈ { 2 , . . . , 10 } : 
Eq .3 a is also a solution to m c = 0 i.e. when n = n c and m = 0 then f = 1 and if m > 0 then f < 1. In biological terms, if the density of the focal species is equal to n c , the density and/or attractiveness of a second species should be less than zero to be able to facilitate the pollination of the focal species.
Appendix B
To obtain the critical value of α at which the competition ratio c is equal to the maximum fertilization ratio, f o , we first substitute the w in the f equation:
with the optimal attractiveness w o ( Eq .15 in the main text): 
which after simplification gives:
Now we need to find α such that the competition ratio c ( Eq .14) equals f o i.e. { α 
which gives:
where α w is relative competitiveness of the co-flowering species at which the maximum fertilization ratio, f o , equals the abiotic competition from the co-flowering species, suggesting that the co-flowering species will not provide any facilitation if its relative competitiveness α equals α w ( Eq .6 b ).
Appendix C
To obtain the critical value of α for which the c line stands above the f curve regardless of the value of m , we first notice that f stands below its tangent at 0. Indeed computing the first derivative of f with respect to m , we obtain 
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